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Potentials With Integrable Density 
in the Solution of Bending of Thin Plates 
CHRISTIAN CONSTANDA 
Department of Mathematics, University of Strathclyde 
Abstract. The properties of elastic potentials with an integrable density are investigated and 
used to show that the Lz-solutions of the integral equations corresponding to the Dirichlet 
and Neumann boundary value problems in a theory of bending of plates with transverse shear 
deformation are regular solutions if the boundary data are smooth. 
1. Introduction. In [l] the boundary integral equation method was applied to investigate 
the existence of regular solutions in a two-dimensional theory of bending of plates with 
transverse shear deformation. As in classical elasticity [2], this technique lends itself to 
further use in the construction of a sequence of functions which lies at the basis of the so- 
called generalized Fourier series method of approximation of the solution. For this method 
to succeed, it is essential that the above sequence should be fundamental with respect to the 
L2-inner product in the space of the solution. Unfortunately, the set of smooth functions 
where the regular solutions were found is not complete relative to this inner product, a 
fact which precludes us from using the well-known Hilbert space theorems on fundamental 
sequences. In this paper we help to circumvent this obstacle by considering the L2-recasting 
of the boundary value problems and showing that for Holder continuous data the regular 
solutions found in [l] for the corresponding integral equations are also their only L2-solutions. 
Our result thus paves the way for the generalized Fourier series technique to become fully 
operative. 
2. Prerequisites. Throughout what follows Greek subscripts take the values 1,2, and the 
convention of summation over repeated indices is understood. 
Let S x [-hc/2, ho/21 b e a region occupied by a homogeneous and isotropic plate, where S 
is a domain in R2 bounded by a simple closed C2-curve dS and ho = const. Denoting by X 
and p the Lame coefficients of the material and by v = (~1, ~2, ~3)~ the vector characterizing 
the displacements, the equilibrium equations for bending, in the absence of body forces and 
moments and of forces and moments on the faces, can be written in the form [I] 
L(&)v(z) = 0, z E s, (1) 
where L(&) = L(d/dza), 
L(I) = L(<a) 
= 
( 
h2d + h2(X + p)t: -P h2(X + P)&& -Pti 
h2(A + ~K1<2 h2M + h20 + /J><; - CL -142 , 
I41 PF2 PA 
z = (~1~2~2)~ is a point in R2, h2 = hi/12, and A = &&. We also consider the boundary 
stress operator T(&) = T(~/&z~), where T(t) = T(&,.) is the matrix 
h2(X + %)n1& + h2/m<2 h2wz& + h2Xm<2 0 
h’&Ei + h2pni<2 h’l.rniEr + h”(X + 2p)nzIz 0 
wl tin2 i.4Eo 
Typeset by A,&-T&C 
221 
222 C. CONSTANDA 
and n = (ni,n2) T is the-unit outward normal to as. If B(c) is the adjoint matrix of 
L(t), then a matrix of fundamental solutions for (1) is D(t,Y) = (B(&))Tt(z,y), where 
t(z,y) = a[(lz-y1*+4h2)1nl+-yl+4~*&(ll:-yl/~)),l~-yl = [(x1-y1)*+(x2-~2)*]~‘*, 
K. is the modified Bessel function of order zero, and a a certain positive combination of 
X and p. Setting P(z, y) = (T(d,)D(y, z))‘, we define the elastic single and double layer 
potentials respectively by 
where ‘p = (cpr ,92, ~3)~ is a density matrix. For simplicity, if cpi, (32,973 belong to some 
function space X, then we also write cp E X. 
3. Properties of V and W with integrable densities. Let SC E S and S- s R* \ 
(9 U 8s). We introduce the set S,, = {z E R* I z = 20 + U~Z(ZO), 20 E as, 1~1 5 Q}, 
with CQ = const sufficiently small so that the parallel curves given by 3: = ze + cn(te), 
xc E dS, are well defined. Also, we denote by 13S,,,a the arc of dS lying inside the circle 
with the centre at xc E dS and radius 6. The following assertion holds. 
LEMMA. Let k(x,y) be defined and continuous for all x E S,,, y E as, z # y, and suppose 
that 
(a) there are constants c > 0 and 7 E [0, l] such that 
Irl”(X?Y)l I clx - YP, 
P(Xl,Y) - k(X2,Y)l L clx1 - x211x1 - Yl-‘-7 
for dl x,x0 E s,,, Y E dS,x,x, # y,21+1 - x21 < lx1 - YI; 
(b) the limiting values l*(xc) of ,I, k(x, y) ds(y) exist for all 10 E 8s as S* 3 x = 
xc + Qn(xc) -, xc along 71(x0). 
In this case 
(i) Xx0) = ,$, ~(zo, Y) ds(y) exists for ah 20 E dS (as principal value if 7 = 1); 
(ii) if ‘p E L’(&S) and Q(x) = J k(x, y)p(y) ds(y), I $ dS, then @(x0) exists for a. a. 20 E 
Remark 1. If k(z, y) is continuous on S,,, x dS, then the first assertion of the lemma is 
obvious, while the second one holds without the first term on the right-hand side in (2). 
By expliciting the kernels of V and W and using the lemma and Remark 1, we can now 
establish certain properties of the potentials in the neighbourhood of dS. 
THEOREM 1. If ‘p E L*(B), then, as S* 3 x = to + m(xo) + x0 along n(xO), 
(i) the limits V*(xc) of V(x) exist for a.a. q E dS and 
v*(xc) = J mxo, y)cp(y)ds(y); 
(ii) the limits W*(to) of W’(x) exist for 11. xc E 8.S and 
w*(+o) = +4x0) + J PC+01 y)cp(y)ds(y);
as 
(iii) the limits (TV)*(xc) ofTV(x) exist for a.a. xc E dS and 
(TV)* = &p(xo) + / ww(~o, y)q(y)ds(y). 
as 
Remark 2. The fact that dS is a C*-curve implies that if x is restricted to dS rather than 
S,,, then d In lx - y]/&(y) satisfies (a) in the lemma with 7 = 0. 
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4. Boundary value problems. By means of Theorem 1, and assuming that the boundary 
conditions are satisfied in the sense of limits as S* 3 t = ~0 + ~~(50) + ~0 E 6’S along 
I, we can reduce the Dirichlet and Neumann problems in S+ and S- [l] to the systems 
of singular integral equations of index zero 
+w + J P(x:, Y)~~(Y)~s(Y) = A(x), 
as 
$4+)  
J 
T(&P(xv YMYW(Y) = B(x), 
a.5 
;Yw + 
J 
P(x, YMYP~Y) = Q(x), 
a.5 
-;P(+) +
J 
q&P(x, YMYMY) = R(x), 
BS 
(3) 
for a. a. x E dS, where A, B, Q, and R are prescribed on 8.5. 
THEOREM 2. If A, B, Q, R E C”pQ(dS), a E (0, l), then the L2-solutions of any of the 
equations (3) belong to CO+(dS). 
This is proved by using a suitable regularizer [3] and Remark 2 to show that each of 
the above equations is equivalent to a Fredholm equation of the second kind, and then 
establishing an appropriate embedding result (for example, like that in [2]) for the L2- 
solutions of the latter. 
The uniqueness of such solutions was discussed in [4]. 
Remark 3. The restriction that S* 3 x = x0 + on(xo) -+ 10 E BS along n(xo) can be 
relaxed by allowing x -+ x0 on any direction different from that of the tangent to dS at 
x0. However, as far as the use of Theorem 2 in the generalized Fourier series method is 
concerned, this restriction implies no loss of generality. 
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